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Abstract 

Locally conformal symplectic (l.c.s.) groupoids are introduced as a gen- 
eralization of symplectic groupoids. We obtain some examples and we 
prove that l.c.s. groupoids are examples of Jacobi groupoids in the sense 
of U3- Finally, we describe the Lie algebroid of a l.c.s. groupoid. 
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1 Introduction 

A symplectic groupoid is a Lie groupoid G M endowed with a symplectic 
structure f2 for which the graph of the partial multiplication is a lagrangian 
submanifold in the symplectic manifold (GxGxG, f2©O0— 0). This interest- 
ing class of groupoids, which was introduced in pQ, arises in the integration of 
arbitrary Poisson manifolds. In fact, if (G M, fi) is a symplectic groupoid 
then there exists a Poisson structure Ao on M and the Lie algebroid AG is 
isomorphic to the cotangent Lie algebroid T*M. 

An interesting generalization of symplectic groupoids, as well as of Drin- 
feld's Poisson-Lie groups, are Poisson groupoids |S]. 

On the other hand, a non-degenerate 2-form on a manifold M of even 
dimension is said to be locally conformal symplectic (l.c.s.) if it is conformably 
related with a symplectic structure in some neighbourhood of every point of M 
(see [SI El)- L.c.s. manifolds are interesting examples of Jacobi manifolds [3] 
and, in addition, they play an important role in the study of some dynamical 
systems, particularly conformably Hamiltonian systems (see [S]). The aim of 
this paper is to introduce the notion of a l.c.s. groupoid and to study some of 
its properties. 

The paper is organized as follows. In Section 2, we recall the definition 
of a l.c.s. manifold and its relation with Jacobi manifolds. In Section 3, we 
prove that if G is a contact groupoid over a manifold M then it is possible 
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to introduce a l.c.s. structure and a Lie groupoid structure onGxl (whose 
space of identity elements is M x 1) and these structures are compatible in 
a certain way. These results motivate the definition of a l.c.s. groupoid in 
Section 4. Symplectic groupoids are l.c.s. groupoids and, furthermore, we 
prove, in Section 4, that a l.c.s. groupoid is a particular example of the so- 
called Jacobi groupoids, which were first introduced in [3] as a generalization 
of Poisson groupoids. Finally, in Section 5, we describe the Lie algebroid of a 
l.c.s. groupoid. 

In this paper, we will use the definitions, notation and conventions intro- 
duced in our previous paper |Hj (see Sections 1 and 2 in [2]). 

2 Locally conformal symplectic manifolds 

A manifold M is said to be locally (globally) conformal symplectic (l.(g.)c.s.) 
manifold if it admits a non-degenerate 2-form O and a closed (exact) 1-form 
u such that 

5^ = uj A Q. (1) 

The 1-form uj is called the Lee 1-form of M. It is obvious that the l.c.s. 
manifolds with Lee 1-form identically zero are just the symplectic manifolds 
(see, for example, (HIE])- 

L.c.s manifolds are examples of Jacobi manifolds, i.e., if (M, Q,u;) is a 
l.c.s. manifold then there exists a 2-vector A and a vector field E on M such 
that [A, A] = 2E A A and [E, A] = 0. In fact, the Jacobi structure (A, E) is 
given by 

A(a, 0) = tt(\>-\a), \>~\(3)), E = |r V) , (2) 

for all a, (3 G f2 1 (M), where b : X(M) — ► Q 1 (M) is the isomorphism of 
C°°(M,R)-modules defined by b(A) = i(X)Q (see 0). 

3 An example 

Let (G =t M, rj, a) be a contact groupoid over a manifold M, that is, G =4 M 
is a Lie groupoid over M with structural functions a, (3, m and e, rj € Q 1 (G) 
is a contact 1-form on G and c : G — > M is an arbitrary function such that 
if ©tg is the partial multiplication in the tangent Lie groupoid TG TM, 
then 

»W-X» ©tg Y h ) = n {g) (X g ) + e^V)(n), (3) 



for (g,h) G G( 2 ) and (X g ,Y h ) G T (9i?t) G( 2 ) (see 0il). 
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If (G =4 M, 7], a) is a contact groupoid then, using the associativity of 
©TG> we deduce that a : G — > R is a multiplicative function, that is, cr(gh) = 
a(g) + a(h), for (g, h) G G (2) . This implies that 

a o e = 0. (4) 

Using (j3J), we also deduce that (see j2]) 

= o, (5) 

(6 V ) gh (X g (Btg Y h , X' g ©tg n) = + ^ (^)fc(^. ™ 

+e^(X g (a) Vh (Y/ i ) - X' g (a)r, h (Y h )), 1 J 

for (X g , Yh), (X' g ,Y^) G T( g ^G^ 2 \ £ being the Reeb vector field of the contact 
structure f]. 

Now, we will obtain a l.c.s structure and a Lie groupoid structure on the 
manifold GxR, both structures compatible in a certain way. 

First of all, take the Lie groupoid G =4 M and the multiplicative function 
a : G — > R. Then, using the multiplicative character of a, we can define a 
right action of G =$ M on the canonical projection tt\ : M X R — > M as follows 

(s,t) - 5 = Hg),(r(g) +t) (7) 

for (x, t) G M x R and g G G such that /3(g) = x. Thus, we have the corre- 
sponding action groupoid (M x 8) * G 4 M x I over MxK, where 

(M x R) * G = {((x, i), 5) G (M x R) x G / 0(g) = x} 

(see 0] for the general definition of an action Lie groupoid; see also (Sj). 
Moreover, it is not difficult to prove that (M x R) * G may be identified 
with the product manifold GxR and, under this identification, the structural 
functions of the Lie groupoid are given by 

a a (g,t) = (a(g),a(g) +t), for (g, t) G G x R, 

P a (h,s) = (P(h),s), for (h,s) GGxR, 

m a ((g,t),(h,s)) = (gh,t), if a ff (g, i) = (3 a (h, s), 

e a (x,t) = (e(x),t), for (x, t) G M x R. 

From (jSJ) and the definition of the tangent groupoid (see, for instance, [3]), it 
follows that the projections (a CT ) T , (/3 CT ) T , the inclusion (eo-) T and the partial 
multiplication ©t(GxK) °f the tangent groupoid T(G xl) z| T(M x R) are 
given by 

(a a ) T (X g + A4 J = a T (X g ) + (A + X g (a))^ 



(/3 (7 f(y, + ^| |s )=/3 T (y,) + M | 

+ A l| t ) ©T(GxK) (*h + Ml| s ) = X g ©TG ^ + AJ^ 

( e ^(^ + A| |t )= e ^) + A| |t 
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for X g + A$ |t G T (g>i) (G x R), y h + G T (M (G x R) and X, + A& |t G 

r (a . )t) (M x R) (see Section 5.3.1 in 5 ). 

On the other hand, if A(G x R) is the Lie algebroid of the Lie groupoid 
GxK^Mxl, then using (jSJ) and the definition of the cotangent groupoid (see 
P3E])) we deduce that the projections a^,/3 a , the inclusion e a and the partial 
multiplication ©t*(GxR) m the cotangent groupoid T*(G x R) A*(G x R) 
are defined by 

a^ifig + jSt\ t ) = (a(fig), a(g) + t), 

Perish + ($t\s) = 0{Vh) ~ (( S( ?)e(f3(g)), s ), 

(fig + j6t\ t ) T *(GxR) ("ft + C St \s) = fag + C(fo)g) ©T*G "h + (7 + St \t 

(10) 

for M s + 7% G T ( ; () (GxR), u h + C5t\ s € T* M (GxR) and (/i^t) G ^ t) (Gx 

R) = x R, where d, /?, (Bt*g and e are the structural functions of the 
cotangent Lie groupoid T*G =4 A*G (see Section 5.3.1 in jSJ). 

Next, we define on G x R the 2-form and the 1-form ui given by 

Q = -(TrJCfy) + 7f3(<5t) A ifjfa)), w = -r 2 (St), (11) 

where 7fi : G xl -> G and tt2 : G x R — > R are the canonical projections. 
Thus, we have that (G x R, f2,u;) is a locally conformal symplectic manifold 
of the first kind in the sense of jjj. Note that if (A, E) is the Jacobi structure 
on G x R associated with the l.c.s. structure (O, ui) then 

E = -i. (12) 

Now, using ©-© and (|H|)- (|T2*|) . we prove the following result. 

Proposition 3.1 Let (G =4 M, rj, a) be a contact groupoid. //GxR^MxR 
is the Lie groupoid with structural functions given by the pair (O, w) is 
defined by ill)) , o = a o ffi is i/ie pull-back of the multiplicative function a by 
the canonical projection tt\ : G x R — > G and 9 is the 1-form on G x R defined 
by 9 = e a (5cf — ui), then we have: 

i) m* a n = irin + e^ 07ri V^; 
ii) cT a o u> = 0, j3 a o = 0; 
mj m> = ttJo;, m%9 = e^ 07Vl K^9; 

iv) A(u, 9) = 0, (fl+w-e>^o W )oe = 0; 

where iTi : G^ — > G, i = 1,2, are i/ie canonical projections and (A,E) is the 
Jacobi structure on G x R associated with the l.c.s. structure (Q,uj). 
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4 Locally conformal symplectic and Jacobi groupoids 

Motivated by Proposition 13.11 we introduce the following definition. 

Definition 4.1 Let G =4 M be a Lie groupoid with structural functions a, 
j3, m and e, (Q,uj) be a l.c.s. structure on G, a : G — > R be a multiplicative 
function and be the 1-form on G defined by 



Then, (G ^4 M, CI,uj,o~) is a l.c.s. groupoid if the following properties hold: 



Jacobi structure associated with the l.c.s. structure (Q,uj) and a, (3, ©t*g 
and e are the structural functions of the cotangent groupoid T*G =t A*G. 

Examples 4.2 i) If (G ^4 M, n, a) is a contact groupoid then, by Proposition 
13.11 (Gxl =4 MxR, ft, oj, a) is a l.c.s. groupoid, where the structural functions 
ofGxK^MxR are defined by ©, the pair (fi, uj) is given by (f*TT|) and the 
multiplicative function a is a = a o ff^, tt\ : G x R — > G being the canonical 
projection. 

ii) A Lie groupoid G =4 M is said to be symplectic if G admits a symplectic 
2-form Q in such a way that the graph of the partial multiplication in G is a 
Lagrangian submanifold of the symplectic manifold (G x G x G, f)©f2© (— f2)) 
(see PP). This is equivalent to say that satisfies the condition m*{l = 
TT^fl + 7r|0. Therefore, we conclude that (G =4 M, fi) is a symplectic groupoid 
if and only if (G =4 M, fi, 0, 0) is a l.c.s. groupoid. 

Next, we will give the relation between l.c.s. groupoids and Jacobi groupoids. 
First, we will recall the definition of a Jacobi groupoid. 

Let G =4 M be a Lie groupoid and <r : G — > R be a multiplicative function. 
Then, TG x R is a Lie groupoid over TM x R with structural functions given 
by (see Section 3 in 0) 



(a r ) CT (X 9 ,A) = (a T (X g ), X g (a ) + A), for (X g ,\) E T 9 G x R, 
(jf) ff (Y hi /j) = ((3 T (Y h ),[i), for (y ft9A t) € T ft G x R, 
(X g ,A) ©tgxK = (* fl ©Tc7 Yh, A), if (a T ) CT (X g ,A) = (P T ) a (Y h , M ), 

(e T ) (7 (X a; ,A) = (e T (X,),A), for (X^A) G T X M x R. 



= e (7 (&7-a;). 



(13) 




(18) 
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On the other hand, if AG is the Lie algebroid of G then T*G x R is a Lie 
groupoid over A*G with structural functions defined by (see Section 3 in 0) 

a a {n 9 ,i) = e-'WfiOfj), for ( Ms , 7 ) G T* g G x R, 

ArKC) = P("h) -CC^eOSWJIA^Gi fo, C) G T*G X R, 

(M ff ,7) ®T*GxK = ((% + e CT(s) C(^) 9 )®T. G (e^V /l ),7 + e CT(s) C) 

taiPx) = (e(^),0), for ^ G A*G. 

(19) 

Definition 4.3 [5] Let G ^ M be a Lie groupoid, (A, .E) 6e a Jacobi structure 
on G and a : G — > R 6e a multiplicative function. Then, (G ^ M, A, J5, a) is 
a Jacobi groupoid i/ the homomorphism #(a,_b) : r*G x R — > TG x R <?i?;en fry 

is a morphism of Lie groupoids over some map ifQ : A*G — > TM x R, where 
the structural functions of the Lie groupoid structure on T*G x R zz£ A*G 
(respectively, TG xRzj TM x Rj are giwen 6y (respectively, M<^l). 

Remark 4.4 A Poisson groupoid is a Jacobi groupoid (G =4 M, A, E, a) with 
£ = and a = (see 0). 

A characterization of a Jacobi groupoid is the following one. If G M is 
a Lie groupoid and <r : G — > R is a multiplicative function then T*G is a Lie 
groupoid over A*G with structural functions given by 

Kil^g) = e" CT(s) a(/i s ), for G T*G, 
P*M = 0(u h ), for v h G T h *G, 
Ms ©t*g v h = Vg ®t*g e a ^v h , if a*(fi g ) 
K(Vx) = KVx), for ii x G A*G. 

We call this Lie groupoid the a-cotangent groupoid. Note that the canonical 
inclusion T*G — > T*G x!,^h 0), is a monomorphism of Lie groupoids. 

Proposition 4.5 Lei G =4 M be a Lie groupoid, (A, E) be a Jacobi structure 
on G and a : G — > R 6e a multiplicative function. Then, (G ^4 M, A, T 1 , <r) is 
a Jacobi groupoid i/ and only if the following conditions hold: 

i) #a : T*G — > TG is a Lie groupoid morphism over some map ipo : 
A*G — > TM /rom i/ie a-cotangent groupoid T*G =t A*G to the tangent 
Lie groupoid TG =4 TM. 



(20) 
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ii) E is a right-invariant vector field on G and E(o~) = 0. 

in) If Xq G T(AG) is the section of the Lie algebroid AG satisfying E = 
—Xq, we have that 

# A (6a) =J? - e~ a T . 

Proof: Suppose that (G =4 M, A, E, a) is a Jacobi groupoid. Then, proceeding 
as in the proof of Proposition 4.4 in 0, we deduce that i), ii) and Hi) hold. 
A similar computation proves the converse. \QED\ 
Now, we will show that a l.c.s. symplectic groupoid is a particular example 
of a Jacobi groupoid. 

Theorem 4.6 Let G M be a Lie groupoid, be a l.c.s. structure on 

G and a : G — ► R be a multiplicative function. If (A, E) is the Jacobi structure 
associated with the l.c.s. structure then (G =4 M, fl,,u,o~) is a l.c.s. 

groupoid if and only if (G M, A, E, a) is a Jacobi groupoid. 

Proof: Assume that (G ^4 M,Q,u,a) is a l.c.s. groupoid. If [i g G T*G and 
Vh G T%G satisfy the relation a*(fi g ) = (3*(vh), then using (j2J, (fl4"|) and 
the definition of the partial multiplication ®tg in the tangent Lie groupoid 
TG TM, we obtain that a T (#a(Ms)) = /? T (#a(^/i)) and, in addition, 

(*(#a(ms e^» G u h ))n (gh) ){x g ®tg Y h ) 

= (*(#a(aO ©tg #a(^))V))(^, ©TG ift), 

for (X ff ,y h ) G T^GW . Thus (see ©), it follows that #a(m s ©t*g = 
#A(A i g)©TG#A(i / /i) and, therefore, the map #a : T*G — > TG is a Lie groupoid 
morphism over some map (/So : A*G — > TM, between the ci-cotangent groupoid 
T*G =4 ^4*G and the tangent groupoid TG TM . In particular, this implies 
that 

a T °# A = ^o°a:, P T °#A = $o°fc- (21) 

Now, from (j2j), we deduce that E = —#\(u>). Using this relation, (|T5|) and 
we have that the vector field E is a-vertical 
Next, suppose that (g, h) G G^ 2 ) and denote by i?^ : Gqua — > GqYm the 
right-translation by /i. Then, (J2J) and (|16|) imply that 

(i(i? w )^ w )(x 9 ®tg y h ) = (i((R h )i(E (g) ))n {gh) )(x g 0tg 

for (X ff ,Y/j) G Tig^G^ 2 ' . Consequently, E is a right-invariant vector field and 

there exists Xq G T(AG) such that E = — A^o- 

On the other hand, if X e <r is the hamiltonian vector field of the function 
e a , X e a = e a ^\(5a) + e a E, it is clear that X e o = Using this equality, 
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(|15|). lfTB|) . (|2Tj) and proceeding as in the proof of the fact that E is right- 
invariant, we conclude that X e o is a left-invariant vector field. Moreover, if x 
is a point of M, then relation (fT7|) implies that X e <r{e{x)) = —X~o(e(x)). Thus, 
# A (Sa) = X~o- e-°X~ . 

Finally, since A(lo,9) = and E = — #a(u;), we obtain that -E(cx) = 0. 
Therefore, {G =4 M, A, I?, a) is a Jacobi groupoid. 

In a similar way, we prove the converse. \QED\ 

Remark 4.7 Using Theorem 14. 61 we directly deduce that a symplectic group- 
oid is a Poisson groupoid. This result was proved in jSj. 

5 The Lie algebroid of a l.c.s. groupoid 

Let (G =4 M, f2, u, a) be a l.c.s. groupoid and 9 the 1-form on G given by 
Then, the 1-form e~ a 9 is closed and since /? o = 0, it follows that is 
basic with respect to the projection a. Thus, there exists a unique 1-form 9q 
on M such that o*9q = e~ a 9. It is clear that 9q is closed. 

Now, denote by (A, E) the Jacobi structure on G associated with the 
l.c.s. structure (£l,u>). Then, #a($) is the hamiltonian vector field X e a of the 
function e°\ Moreover, from Theorem 14.61 and using the results in jS] (see 
Proposition 5.6 in 0), we deduce that there exists a Jacobi structure (Ao, Eq) 
on M in such a way that the couple (a,e CT ) is a conformal Jacobi morphism 
between the Jacobi manifolds (G,A,E) and (M, Aq,Eq). This implies that 

#AoH 3 ))(0o(a(<?))) = e^)(aJo# A(g) o(«J)*)(0 o («( 9 ))) 
= aJ(AV(<?)) =£? (a(9)), 

for g £ G, where (ckJ)* : TVxM — > T^G is the adjoint map of the tangent 
map aj : T 9 G — ► T a ^M. Therefore, we have proved the following result. 

Proposition 5.1 Let (G M,£l,tu,cr) be a l.c.s. groupoid and 9 the 1-form 
on G given by MS]) . Then, there exists a unique 1-form 9q on M such that 
a*9o = e~ a 9. Furthermore, 9q is closed and #a (^o) = -So- 
Next, we will describe the Lie algebroid associated with a l.c.s. groupoid. 

Theorem 5.2 Let (G =4 M,Q,u,a) be a l.c.s. groupoid, AG be the Lie alge- 
broid ofG, (A,E) be the Jacobi structure on G associated with the l.c.s. struc- 
ture (Q,uj) and (Aq,Eq) be the corresponding Jacobi structure on M. Then, 
the map * : r2 1 (M) — > Xl{G) between Q 1 (M) and the space of left-invariant 
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vector fields on G defined by ^(/u) = e a ff\(a*Li) induces an isomorphism be- 
tween the vector bundles T*M and AG. Under this isomorphism, the Lie 
bracket on T(AG) = Xl(G) and the anchor map of AG are given by 

\mM{Ac,Eo,0 o ) = >C #AoM i/-£ #AoM /i-(5(Ao(M,^)) 
-i(E )(LiAv) - A {li,v)9 , 

#(A ,£o,<?o)(m) = #Ao(M), 

for fj,,u £ Q}(M), where 9q is the 1-form on M considered in Provosition \5.1\ 

Proof: Let /ibea 1-form on M. Since the map #a ■ T*G — > TG is a morphism 
between the cr-cotangent groupoid and the tangent groupoid TG ^4 TM, we 
obtain the that vector field X = ^f(ii) is /^-vertical. Moreover, if (g,h) £ G^ 
and L g : G a ^ — > G^ 9 ^ is the left-translation by g then, using (|14|) . we deduce 
that 

(i(X {gh) )n {gh) )(Y g (Btg z h ) = (i((L g )i{X (h) ))n {gh) )(Y g @ TG z h ). 

for (Y g , Z h ) e T {g>h) G^). This proves that XeX L (G). 

Conversely, if X € Xl{G) and p, is the 1-form on G defined by fx = —i(X)£l 
then, from (|14|). it follows that e a a* ll = ft, \i being the 1-form on M given by 
fi = e*ft. This implies that ^(/u) = X. 

On the other hand, using that the map ff^ : — ► X(G) is an iso- 
morphism of C°°(G, M)-modules, we conclude that is an isomorphism of 
C°°(M, M)-modules. 

Now, suppose that X, Y € T(AG). We have that the left-invariant vector 
field X~ is a-projectable to a vector field a(X) on M. In addition, if 11 and 
v are the 1-forms on M satisfying ^(fi) = X~ and ^(v) = Y, then a long 
computation, using Q and Definition 14. 1[ shows that 

a(X) = ^(Ao.Bo.flo)^)' *([X^D fi = -e°'a*lA*.» / ](Ao,£ib,tfo)- 
This ends the proof of our result. \QED\ 

Remark 5.3 Let (G ^ M,Q) be a symplectic groupoid. Then, the Jacobi 
structure on M is Poisson, that is, £"0 = (see Section 5.2 in [5]) and the 1- 
form #0 on M identically vanishes. Thus (see Theorem 15. 2 j) . AG is isomorphic 
to the cotangent Lie algebroid T*M. This result was proved in [Q. 
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